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® classes like P, NP, EXP, LOGSPACE, ...

T

decision problems which can be
decided in polynomial time
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In 2001, Jones:

® defined a minimal functional programming language operating
on lists

® introduced cons-free functional programs, which cannot
generate new data

® showed that cons-free programs of data order K characterise
EXPTIMEX

® (proved several other characterisations as well)
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Motivation
Term rewriting

In 2001, Jones:

® defined a minimal functional programming language operating
on lists

® introduced cons-free functional programs, which cannot
generate new data

® showed that cons-free programs of data order K characterise
EXPTIMEX

® (proved several other characterisations as well)

Why not term rewriting?
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Motivation
Term rewriting

Term rewriting:

is the core calculus underlying functional programming
has a small definition (including higher-order versions)

already avoids complications present in real-world languages

natively includes non-determinism
is supported by a large community with decades of theory

allows for fine-tuning in many ways

Let's see what comes out!
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Motivation
Term rewriting

In 2001, Jones
® showed that deterministic cons-free programs with data order
K and call-by-value reduction characterise EXPTIMEX
In 2006, Bonfante

® showed that non-deterministic cons-free programs with data
order 0 and call-by-value reduction ...
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Motivation
Term rewriting

In 2001, Jones

® showed that deterministic cons-free programs with data order
K and call-by-value reduction characterise EXPTIMEX

In 2006, Bonfante

® showed that non-deterministic cons-free programs with data
order 0 and call-by-value reduction characterise P =
EXPTIME?
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Motivation
Goals

Overview

@ cons-free applicative rewriting
(what is this “cons-freeness” and how do we use it?)

@ characterisations with first-order cons-free innermost rewriting
(the general idea)

© characterisations with higher-order cons-free innermost
rewriting
(where it starts to get interesting)

O characterisations using non-innermost cons-free rewriting
(where it really gets interesting)

Cons-free Rewriting



CONS-FREE
TERM REWRITING




Cons-free rewriting

Overview

@ cons-free applicative rewriting
(what is this “cons-freeness” and how do we use it?)

@ characterisations with first-order cons-free innermost rewriting
(the general idea)

© characterisations with higher-order cons-free innermost
rewriting
(where it starts to get interesting)

O characterisations using non-innermost cons-free rewriting
(where it really gets interesting)
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Cons-free rewriting
Definitions

Basics

® applicative rewriting with simple types
® all rules must be constructor rules

® constructors must be fully applied, and have a data type as
output type

® in Jones: pairing allowed

® in Jones: call-by-value reduction; values are:

® ground expressions built from constructors (data)
® incomplete function applications f vy - - - v,, with all v; values
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Cons-free ATRSs

® idea: no new data is created
® inrules F {1 ---{; = s, the right-hand side s may not contain
constructors
® Exception: s may have subterms which are data
(e.g. True or S O, but not S alone)
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Cons-free rewriting
Definitions

Cons-free ATRSs

® idea: no new data is created
® inrules F {1 ---{; = s, the right-hand side s may not contain
constructors
® Exception: s may have subterms which are data
(e.g. True or S O, but not S alone)
® [Exception: s may have subterms occurring in F ¢y --- £y,
(to allow for convenient pattern matching)
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Cons-free ATRSs:

® right-hand sides of clauses:
® may have subterms which are data
® may have subterms which also occur on the left
® may not contain constructors otherwise
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Cons-free rewriting
Definitions

Cons-free ATRSs:

® right-hand sides of clauses:
® may have subterms which are data
® may have subterms which also occur on the left
® may not contain constructors otherwise

Hd (h::t)
Tl (h::t)

-+
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Cons-free rewriting
Definitions

Cons-free ATRSs:

® right-hand sides of clauses:
® may have subterms which are data
® may have subterms which also occur on the left
® may not contain constructors otherwise

Evenlength I = Helper{ True
Helper [ b = b

Helper (h::t) True = Helper ¢ False

Helper (h::t) False = Helper ¢t True
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Cons-free rewriting
Definitions

Cons-free ATRSs:

® right-hand sides of clauses:
® may have subterms which are data
® may have subterms which also occur on the left
® may not contain constructors otherwise

Half 0 = 0
Half (S0) = 0
Half (S (S(z))) = S (Half z)

Cons-free Rewriting



Cons-free rewriting
Definitions

Cons-free ATRSs:

® right-hand sides of clauses:
® may have subterms which are data
® may have subterms which also occur on the left
® may not contain constructors otherwise

Half 0 = 0
Half (S0) = 0
Half (S (S(z))) = S (Half )
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Definitions

Cons-free ATRSs:

® right-hand sides of clauses:
® may have subterms which are data
® may have subterms which also occur on the left
® may not contain constructors otherwise

Last (h::[]) = h
Last (hj::hgitl) = Last (ho:tl)
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Definitions

Cons-free ATRSs:

® right-hand sides of clauses:
® may have subterms which are data
® may have subterms which also occur on the left
® may not contain constructors otherwise

Last (h::[]) = h
Last (hj::hoitl) = Last (ho:tl)
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Cons-free rewriting
Definitions

Cons-free ATRSs:

® right-hand sides of clauses:
® may have subterms which are data
® may have subterms which also occur on the left
® may not contain constructors otherwise

Foldfz[] = =
Fold f z (hutl) = f h (Fold f = tl)
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Cons-free rewriting
Definitions

Cons-free ATRSs:

® right-hand sides of clauses:
® may have subterms which are data
® may have subterms which also occur on the left
® may not contain constructors otherwise

Map f[] = ||
Map f (h:tl) = (f h)::(Map f tl)
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Definitions

Cons-free ATRSs:

® right-hand sides of clauses:
® may have subterms which are data
® may have subterms which also occur on the left
® may not contain constructors otherwise

Map f[] = [l
Map f (h:tl) = (f h)::(Map f tl)
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Succ [n] = [n+1]
Pred [n] = [max(n —1,0)]
Equals [n] [m] = [True if n = m and False otherwise]
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Wish:
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Pred [n] = [max(n —1,0)]
Equals [n] [m] = [True if n = m and False otherwise]
Traditional:
Succx = Sz
Pred0 = 0
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Add0y = 0
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Cons-free Rewriting



Cons-free rewriting
Counting

Cons-free counting

Wish:
Succ [n] = [n+1]
Pred [n] = [max(n —1,0)]
Equals [n] [m] = [True if n = m and False otherwise]
Traditional:
Succx = Sz
Pred0 = 0
Pred (Sz) = =z
Add0y = 0

Add (Sz)y = Succ (Add z y)
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Cons-free rewriting
Counting

Cons-free counting

Wish:
Succ [n] = [min(n + 1, length(input)]
Pred [n] = [max(n —1,0)]
Equals [n] [m] = [True if n = m and False otherwise]
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Cons-free rewriting
Counting

Cons-free counting

Wish:
Succ [n] = [min(n + 1, length(input)]
Pred [n] = [max(n —1,0)]
Equals [n] [m] = [True if n = m and False otherwise]
Idea:
Succ inp x =
Predinp[] = 0
Pred inp (x::xs) = xs
Addinp [y = ||
Add inp (x::xs)y = Succ inp (Add inp xs y)
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Cons-free rewriting
Counting

Cons-free counting

Wish:
Succ [n] = [min(n + 1, length(input)]
Pred [n] = [max(n —1,0)]
Equals [n] [m] = [True if n = m and False otherwise]
Idea:
lterate inp z © = Test inp z x (Equals (Pred 2) x)
Test inp z x True = =z
Test inp z x False = lterate inp (Pred 2)
Succ inp x = lterate inp inp T
Predinp ] = 0
Pred inp (x::zs) = xs
Addinp [y = ||

Add inp (x::xs)y = Succ inp (Add inp xs y)
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Counting

Cons-free counting

Wish:
Succ [n] = |min(n+1,5- (length(list) + 1) — 1)]
Pred [n] = [max(n—1,0)]
Equals [n] [m] = [True if n =m and False otherwise]
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Counting

Cons-free counting

Wish:
Seed list = [5- (length(list) + 1)% — 1]
Succ [n] = fmin(n+1,5- (length(list) + 1) — 1)]
Pred [n] = [max(n—1,0)]
Equals [n] [m] = [True if n =m and False otherwise]
Idea:

Seed list = (list, 0::0::0::0::[], list, list)
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Cons-free rewriting
Counting

Cons-free counting

Wish:
Seed list = [5- (length(list) + 1)% — 1]
Succ [n] = fmin(n+1,5- (length(list) + 1) — 1)]
Pred [n] = [max(n—1,0)]
Equals [n] [m] = [True if n =m and False otherwise]
Idea:

Seed list = (list, 0::0::0::0::[], list, list)

[Corresponds to: 0::0:0:0::[]| % (n + 1) + |list| % (n + 1)1 + |list|}
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Cons-free rewriting
Counting

Cons-free counting

Wish:
Seed list = [5- (length(list) + 1)% — 1]
Succ [n] = fmin(n+1,5- (length(list) + 1) — 1)]
Pred [n] = [max(n—1,0)]
Equals [n] [m] = [True if n =m and False otherwise]
Idea:

Seed list

Pred (list, [],1, )

Pred (list, xs,ys,z::25)
Pred (list, xs,y::ys,|])
Pred (list, x::xs, [] H)

(list, 0::0::0::0::[], list, list)
(tist, [, (1, 1])

(list, xs,ys,zs)

(list, xs,ys, list)

(list, xs, list, list)
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Cons-free rewriting
Counting

Cons-free counting

Wish:
Seed list = [5- (length(list) + 1) — 1]
Succ [n] = min(n+ 1,5 (length(list) + 1)% — 1)]
Pred [n] = [max(n—1,0)]
Equals [n] [m] = [True if n = m and False otherwise]
Idea:
Seed! list = 0::0::0:0::[]
Seed” list = list
Seed® list = list
Pred! list xs ys (z::25) = xs
Pred” list xs ys (z::28) = ys
Pred® list xs ys (z::2z5) = zs
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Cons-free rewriting
Counting

Cons-free counting
Wish:

Seed list = [25 (length(list)+1)? ]

Succ [n] = [m (n+ 1 20~(|ength(lz‘st)+1)2>]

Pred [n] = [max(n —1,0)]
[

Equals [n] [m] = [True if n = m and False otherwise]
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Cons-free rewriting
Counting

Cons-free counting
Wish:
25 (length(list)+1)2 ]

[
Succ [’I’L] = [Hl (n + ]_ 25 (|ength(l1,st)+1)2>]
Pred [n] = [max(n — 1,0)]
Equals [n] [m] = [True if n = m and False otherwise]

Seed list =

Idea:
® avalue F : list* = bool describes a bitstring

® use bitvector arithmetic to calculate successor and predecessor
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Cons-free rewriting
Counting

Cons-free counting

— using variables with type order K we can count up to
expy' (a - nP)
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Characterisations

Overview

@ cons-free applicative rewriting
(what is this “cons-freeness” and how do we use it?)

@ characterisations with first-order cons-free innermost rewriting
(the general idea)

© characterisations with higher-order cons-free innermost
rewriting
(where it starts to get interesting)

O characterisations using non-innermost cons-free rewriting
(where it really gets interesting)
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Parts

How to prove a characterisation?

W ( (confluent) cons-free
PTIME ¢ »  first-order ATRSs
J L with CBV reduction
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How to prove a characterisation?

W ( (confluent) cons-free
PTIME ¢ »  first-order ATRSs
J L with CBV reduction

For every decision problem X:
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Characterisations
Parts

How to prove a characterisation?

W ( (confluent) cons-free
PTIME »  first-order ATRSs
J L with CBV reduction

For every decision problem X:

e if X € PTIME then there is a confluent cons-free first-order
ATRS which accepts X with CBV evaluation
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Characterisations
Parts

How to prove a characterisation?

W { (confluent) cons-free
PTIME »  first-order ATRSs
J L with CBV reduction

For every decision problem X:

® the final state of any given Turing Machine operating in
polynomial time can be found by a confluent cons-free
first-order ATRS using CBV reduction
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Motivation Cons-free rewriting Characterisations Higher-order Characterisations

Parts

How to prove a characterisation?

W ( (confluent) cons-free
PTIME ¢ first-order ATRSs
J L with CBV reduction

For every decision problem X:

® the final state of any given Turing Machine operating in
polynomial time can be found by a confluent cons-free
first-order ATRS using CBV reduction

e if there is a (confluent or non-confluent) cons-free first-order
ATRS which accepts X using call-by-value reduction, then
X € PTIME
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Characterisations
Parts

How to prove a characterisation?

W ( (confluent) cons-free
PTIME ¢ first-order ATRSs
J L with CBV reduction

For every decision problem X:

® the final state of any given Turing Machine operating in
polynomial time can be found by a confluent cons-free
first-order ATRS using CBV reduction

® the result of any given cons-free first-order ATRS with CBV
evaluation can be found by an algorithm operating in
polynomial time
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Characterisations
accepted by a cons-free first-order ATRS = in PTIME

A problem?

Perfectly allowed: F (S z) — G (F x) (F z)
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Characterisations
accepted by a cons-free first-order ATRS = in PTIME

A problem?

Perfectly allowed: F (S z) — G (F x) (F z)

— use caching!
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Characterisations

accepted by a cons-free first-order ATRS = in PTIME

Constructing an algorithm
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Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Constructing an algorithm
Rules:

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s[] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — t Subseq (1::s) (1::t) — Subseq st
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Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Constructing an algorithm
Rules:

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s[] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — t Subseq (1::s) (1::t) — Subseq st

Start term: Subseq (0;0;1;]) (0;1;0;1;]))
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Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Constructing an algorithm
Rules:

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s[] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — t Subseq (1::s) (1::t) — Subseq st

Start term: Subseq (0;0;1;]) (0;1;0;1;]))
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Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Constructing an algorithm

Rules:
Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s[] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — t Subseq (1::s) (1::t) — Subseq st
Start term: Subseq (0;0;1;]) (0;1;0;1;]))
Let B =
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Subseq s [] — False Subseq (0::s) (0::) — Subseq s t
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TI(0;1;0;1;[]) —* 1;0;1;]
TH(1;0;1;]) —* 0;1;]
Subseq (0;0;1;[]) (0; 11‘03‘13 ) =
Subseq (0;0;1;(]) (1;0;1;[])) —*
SUbseq (0 717 []) (H) —"
Subseq (1;0;1;[]) (0;1;0;1;[]) —*
Subseq (0,1,[]) (1;,0;1;])) —*
Subseq (0;1;]]) (0;L;[}) —~
Subseq ( ) (L) =
Subseq [] [] —*

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢t Subseq (1::s) (1::t) — Subseq s t
Statements:
Tl (0;1;0;1’“) —* ’O?LH
TI(1;0;1;]])) —* 0;1;]

Subseq (0;0;1;[]) (0;1;0;1;[])) —*

Subseq (0;0;1;[]) (1;0;1;[])) —*

Subseq (0 0;1; H) (H) —*

Subseq (1;0;1;[]) (0;1;0;1;[]) —*

Subseq (0, ;) (1;0;1;]) —*

Subseq (0;1;[]) (0;1;[]) —*

Subseq ( )@ =

Subseq [| [] —*

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:

*

,0, L]
0;1; ]

i*i

7

*

Subseq (0;0;1;]) (0;1;0;1;
Subseq (0;0;1;(]) (1;0;1
Subseq (0;0; 1;

Subseq (1;0;1;[]) (0;1;0;
Subseq (0,17 []) (1,

*

*

* * *

R A AR

*

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:

*

,0, L]
0;1; ]

i*i

7

*

Subseq (0;0;1;]) (0;1;0;
Subseq (0;0;1; 1
Subseq (0;

O
=
* ¥ * %

*

Subseq ( ) ( ;
Subseq [] ]

R A AR

*

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [| — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:

*

,0, L]
0;1; ]

i*i

7

*

Subseq (0;0;1;]) (0;1;0;
Subseq (0;0;1; 1
Subseq (0;

O
=
* ¥ * %

*

Subseq ( ) ( ;
Subseq [] ]

R A AR

*

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [| — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
Tl (0;1;0;1’“) —* ’O?LH
THL;0:1 ) =" 0 1]
Subseq (0;0;1;]) (0;1;0;1; *
Subseq (0;0;1;]) (1; ;1; *
Subseq (O l *  False

*

*

*

Subseq ( ) ( ;
Subseq [] ]

R A AR

*

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [| t — True Subseq st — Subseq s (Tl t)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
Tl (0;1;0;1’“) —* ’O?LH
THLOoL]) =" oL
Subseq (0;0;1;]) (0;1;0;1; *
Subseq (0;0;1;]) (1; ;1; *
Subseq (O l *  False

*

*

*

Subseq ( ) ( ;
Subseq [] ]

R A AR

*

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [| t — True Subseq st — Subseq s (Tl t)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
Tl (0;1;0;1’“) —* ’O?LH
THLOoL]) =" oL
Subseq (0;0;1;]) (0;1;0;1; *
Subseq (0;0;1;]) (1; ;1; *
Subseq (O l *  False

*

*

*

Subseq ( ) ( ;
Subseq [] ]

R A AR

*

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:

*

,0, L]
0;1; ]

i*i

7

*

Subseq (0:0:1 ) (01
Subseq (0;0;1;
Subseq (

*

*

False

©
=) o

* * *

R A AR

*

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:

*

,0, L]
0;1; ]

i*i

7

*

Subseq (0:0:1 ) (01
Subseq (0;0;1;
Subseq (

*

*

o

False

*

*

*

Subseq ( 3l ( ;
Subseq [] |

R A AR

*

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
Tl (0;1;0;1;“) —* ’O?LH
THLOoL]) =" oL
Subseq (0;0;1;]) (0;1;0;1; *
Subseq (0;0;1;[]) (1;0;1; *
Subseq (0;0;1;(]) ( *  False

*

Subseq (0,17 ) (1;
Subseq (0;1;[]) (

*

0

0

(0;0;1; [

Subseq (1;0;1;]) (0;1;0;1;
;0

0;

*

)
Subseq (1;]) (1;
Subseq [] ]

R A AR

*

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:

*

,0, L]
0;1; ]

i*i

7

*

Subseq (0;0;1; ]
Subseq (0;0;1;
Subseq (0;

Subseq (1;0;1;[]) (
Subseq (0,17 M) (1;
Subseq (0;1; []) (0;
Subseq (1;]) (

e
—~

=]

[y

*

*

False

* * *

R A AR

*

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
Tl (0;1;0;1’“) —* ’O?LH
THLOoL]) =" oL
Subseq (0;0;1;]) (0;1;0;1; *
Subseq (0;0;1;[]) (1;0;1; *
Subseq (0;0;1;(]) ( *  False

*

Subseq (0,17 []) (1;0;

*

0

0

(0;0;1; ]

Subseq (1;0;1;[]) (0;1;0;1;
1;0

0;

*

Subseq (1; ) (1;
Subseq [] ||

R A AR

*

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ ¢ — True Subseq st — Subseq s (Tl ¢)
Subseq s [| — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
Tl (0;1;0;1’“) —* ’O?LH
THLOoL]) =" oL
Subseq (0;0;1;]) (0;1;0;1; *
Subseq (0;0;1;[]) (1;0;1; *
Subseq (0;0;1;(]) ( *  False

*

Subseq (0,17 []) (1;0;

*

0

0

(0;0;1;

Subseq (1;0;1;]) (0;1;0;1;
1;0

0;

*

Subseq (L)) (1:
Subseq [] ||

R A AR

*

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ ¢ — True Subseq st — Subseq s (Tl ¢)
Subseq s [| — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:

*

,0, L]
0;1; ]

i*i

7

*

Subseq (0;0;1; ] 0
Subseq (0;0;1; ;0
Subseq (0;0;1; [

Subseq (1;0;1;]) ( ,1,0,
1;0

0;

R
—~

=]

[ay

*

*

o

False

*

Subseq (0,17 []) (1;0;

*

*

Subseq (L)) (1:
Subseq [] ||

R A AR

*

True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:

*

,0, L]
0;1; ]

i*i

7

*

Subseq (0;0;1; ]
Subseq (0;0;1;

0

;0

Subseq (0;0;1; ]
Subseq (1;0;1;]) ( ,1,0,
1;0

0;

e
—~

=]

[y

*

*

o

False

*

Subseq (0,17 []) (1;0;

*

*

Subseq (13 ]) (1
Subseq [] ]

R A AR

*

True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:

*

,0, L]
0;1; ]

—
=
e
==
=
Vs
*

7

*

Subseq (0;0;1; ]
Subseq (0;0;1;

0

;0

Subseq (0;0;1; ]
Subseq (1;0;1;]) ( ,1,0,
1;0

0;

e
—~

=]

[y

*

*

o

False

*

Subseq (0,17 []) (1;0;

*

*

Subseq (13 ]) (1
Subseq [] ]

R A AR

*

True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:

*

,0, L]
0;1; ]

i*i

7

*

Subseq (0;0;1; ]
Subseq (0;0;1;

0

;0

Subseq (0;0;1; ]
Subseq (1;0;1;]) ( ,1,0,
1;0

0;

e
—~

=]

[y

*

*

o

False

*

Subseq (0,17 []) (1;0;

*

*

Subseq (13 ]) (1
Subseq [] ]

R A AR

*

True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:

*

,0, L]
0;1; ]

i*i

7

*

Subseq (0;0;1; ]
Subseq (0;0;1;

0

;0

Subseq (0;0;1; ]
Subseq (1;0;1;]) ( ,1,0,
1;0

0;

e
—~

=]

[y

*

*

o

False

*

Subseq (0,17 []) (1;0;

*

*

Subseq (13 ]) (1
Subseq [] ]

R A AR

*

True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:

*

,0, L]
0;1; ]

i*i

7

*

Subseq (0;0;1;[]) (0;1;0
Subseq (0;0;1;[]) (1;0
Subseq (0;0;1; ]

Subseq (1;0;1;]) ( ;1,05 1;
1;0

0;

*

*

False

*

Subseq (0,17 []) (1;0;

*

*

Subseq (13 ]) (1
Subseq [] ]

R A AR

*

True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:

*

,0, L]
0;1; ]

i*i

7

*

Subseq (0;0;1;]) (0;1;0;1;
Subseq (0;0;1;(]) (1;0;1
Subseq (0;0; 1;

Subseq (1;0;1;[]) (0;1;0;
Subseq (0,17 []) (1,

*

*

False

* * *

R A AR

*

True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:

*

,0, L]
0;1; ]

i*i

7

*

Subseq (0;0;1;]) (0;1;0;
Subseq (0;0;1; 1
Subseq (0;

*

*

O
=

False

*

*

*

Subseq ( ) ( ;
Subseq [] ]

R A AR

*

True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:

*

,0, L]
0;1; ]

i*i

7

*

Subseq (0:0:1 ) (01
Subseq (0;0;1;
Subseq (

*

*

False

©
=) o

* * *

R A AR

*

True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:

*

,0, L]
0;1; ]

i*i

7

*

Subseq (0:0:1 ) (01
Subseq (0;0;1;
Subseq (

*

*

o

False

*

*

*

Subseq ( 3l ( ;
Subseq [] |

R A AR

*

True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:

*

T1(0;1;0;1;])
TI(1;0:1

Subseq (0;0;1;]) (0;1;0
Subseq (0;0;1;[]) (1;0
Subseq (0;0;1; ]

Subseq (1;0;1;]) ( ;1;0; 1;
;0

0;

,0, L]
0;1; ]

i*i

I 7

*

*

*

False

*

Subseq (0,17 ) (1;
Subseq (0;1;[]) (

*

*

)
Subseq (1;]) (1;
Subseq [] ]

R A AR

*

True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:

*

,0, L]
0;1; ]

i*i

7

*

Subseq (0;0;1; ]
Subseq (0;0;1;
Subseq (0;

Subseq (1;0;1;[]) (
Subseq (0,17 M) (1;
Subseq (0;1; []) (0;
Subseq (1;]) (

e
—~

=]

[y

*

*

False

* * *

R A AR

*

True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢t Subseq (1::s) (1::t) — Subseq s t
Statements:
TI(0;1;0;1;[])) —* 1;0;1;])
TI(1;0;1;]])) —* 0;1;]
Subseq (0;0;1;(]) (0;1;0;1;]]) —*
Subseq (0;0;1;(]) (1;0;1;[])) —*
Subseq (0;0;1;]]) ([]) —* False
Subseq (1;0;1;[]) (0;1;0;1;]]) —*
Subseq (0: 1;[)) (1;0; 1;[}) —*
Subseq (0;1;]) (0;1;[]) —~
Subseq (1;[]) (1) —*
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢t Subseq (1::s) (1::t) — Subseq s t
Statements:
TI(0;1;0;1;[])) —* 1;0;1;])
TI(1;0;1;]])) —* 0;1;]
Subseq (0;0;1;(]) (0;1;0;1;]]) —*
Subseq (0;0;1;(]) (1;0;1;[])) —*
Subseq (0;0;1;]]) ([]) —* False
Subseq (1;0;1;[]) (0;1;0;1;]]) —*
Subseq (0: 1;[)) (1;0; 1;[}) —*
Subseq (0;1;]) (0;1;[]) —~
Subseq (1;[]) (1) —*
Subseq [] [[ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TI(0;1;0;1;[]) —* 1;0;1;]
TH(1;0;1;]) —* 0;1;]
Subseq (0;0;1;[]) (0;1;0;1;[]) —~
Subseq (0;0;1;[]) (1;0;1;[]) —*
Subseq (0;0;1;[]) ([J) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —~
Subseq (0, L) (LoL]) —-
Subseq (0; 1; []) O L) =~
Subseq (1;[]) (1;[]) —* True,False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [| t — True Subseq st — Subseq s (Tl t)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TI(0;1;0;1;[]) —* 1;0;1;]
TI(1;0;1;]]) —* 0;1;]]
Subseq (0;0;1;[]) (0;1;0;1;[]) —~
Subseq (0;0;1;[]) (1;0;1;[]) —*
Subseq (0;0;1;[]) ([J) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —~
Subseq (0, L) (LoL]) —-
Subseq (0; 1; []) O L) =~
Subseq (1:1]) (1:]]) —=* True, False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [| t — True Subseq st — Subseq s (Tl t)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TI(0;1;0;1;[]) —* 1;0;1;]
TI(1;0;1;]]) —* 0;1;]]
Subseq (0;0;1;[]) (0;1;0;1;[]) —~
Subseq (0;0;1;[]) (1;0;1;[]) —*
Subseq (0;0;1;[]) ([J) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —~
Subseq (0, L) (LoL]) —-
Subseq (0;1;[]) (0:1;[]) —~
Subseq (1;[]) (1;[]) —* True,False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TI(0;1;0;1;[]) —* 1;0;1;]
TI(1;0;1;]]) —* 0;1;]]
Subseq (0;0;1;[]) (0;1;0;1;[]) —~
Subseq (0;0;1;(]) (1;0;1;[])) —*
Subseq (0;0;1;[]) ([J) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —*
Subseq (0, L) (LoL]) —-
Subseq (0;1;[]) (0:1;]]) —~
Subseq ( i) (L;]]) —* True, False
Subseq || || —=* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TI(0;1;0;1;[]) —* 1;0;1;]
TI(1;0;1;]]) —* 0;1;]]
Subseq (0;0;1;[]) (0;1;0;1;[]) —~
Subseq (0;0;1;(]) (1;0;1;[])) —*
Subseq (0;0;1;[]) ([J) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —*
Subseq (0, L) (LoL]) —-
Subseq (0;1;[]) (0:1;]]) —~
Subseq ( i) (L;]]) —* True, False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements: ,
THO0:1:0: 1) —=* 1;0;1;]
TH(1;0;1;]) —* 0;1;]
Subseq (0;0;1;[]) (0;1;0;1;[]) —~
Subseq (0;0;1;(]) (1;0;1;[])) —*
Subseq (0;0;1;[]) ([J) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —*
Subseq (0, L) (LoL]) —-
Subseq (0;1;[]) (0:1;]]) —~
Subseq ( i) (L;]]) —* True, False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TI(0;1;0;1;[]) —* 1;0;1;]
TI(1;0:1;]]) —=* 0;1;]]
Subseq (0;0;1;[]) (0;1;0;1;[]) —~
Subseq (0;0;1;(]) (1;0;1;[])) —*
Subseq (0;0;1;[]) ([J) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —*
Subseq (0, L) (LoL]) —-
Subseq (0;1;[]) (0:1;]]) —~
Subseq ( i) (L;]]) —* True, False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TI(0;1;0;1;[]) —* 1;0;1;]
TI(1;0;1;]]) —* 0;1;]]
Subseq (0;0;1;[]) (0;1;0;1;[]) —~
Subseq (0;0;1;(]) (1;0;1;[])) —*
Subseq (0;0;1;[]) ([J) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —*
Subseq (0, L) (LoL]) —-
Subseq (0;1;[]) (0:1;]]) —~
Subseq ( i) (L;]]) —* True, False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TI(0;1;0;1;[]) —* 1;0;1;]
TI(1;0;1;]]) —* 0;1;]]
Subseq (0;0;1;[]) (0;1;0;1;[]) —*
Subseq (0;0;1;(]) (1;0;1;[])) —*
Subseq (0;0;1;[]) ([J) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —*
Subseq (0, L) (LoL]) —-
Subseq (0;1;[]) (0:1;]]) —~
Subseq ( i) (L;]]) —* True, False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
THO;1;0;1;[)) —* 1;0;1;]
TH(L;0, 1)) —* 0;1;]]
Subseq (0;0;1;[]) (0;1;0;1;[]) —*
Subseq (0;0;1;[]) (1;0;1;[])) —*
SUbseq (0 0;1; H) (H) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —*
Subseq (0, ;) (1;0;1;]) —*
Subseq (0;1;[]) (0;1;[]) —~
Subseq ( ) (1;])) —* True,False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TI(0;1;0;1;[]) —* 1;0;1;]
THL;0, L) —* 031]]
Subseq (0;0;1;]) (071;‘(.);'1; ) —-
Subseq (0;0;1;[]) (1;0;1;[]) —*
Subseq (0;0;1;[]) ([]) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —*
Subseq (0;1;[]) (1;0;1;[]) —*
Subseq (0;1;[]) (0:1;]]) —~
Subseq ( i) (L;]]) —* True, False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TH(0;1;0;15[]) —* 10515
TH(LO L) =" 0L
Subseq (030; 1; [} (0;1;0:13[)) —*
Subseq (0;0;1;(]) (1;0;1;[])) —*
Subseq (0;0;1;]]) ([]) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —*
Subseq (0;1;[]) (1;0;1;[]) —*
Subseq (0;1;]) (0;1;[]) —~
Subseq( ) (1;])) —* True, False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TI(0;1;0;1;[]) —* 1;0;1;]
TI(1;0;1;]]) —* 0;1;]]
Subseq (0;0;1;[]) (0;1;0;1;[]) —~
Subseq (0;0;1;[]) (1;0;1;[]) —*
Subseq (0;0;1;[]) ([J) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —~
Subseq (0;1;[]) (1;0;1;])) —*
Subseq (0;1;[]) (0:1;]]) —~
Subseq ( i) (L;]]) —* True, False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TI(0;1;0;1;[])) —* 1;0;1;])
TH(1;0;1;]) —* 0;1;]
Subseq (0;0;1;]) (071;‘(.);'1; ) ="
Subseq (0;0;1;[]) (1;0;1;[]) —*
Subseq (0;0;1;[]) () —* False
Subseq (1 0;1; H) ( ) 70’17[]) —*
Subseq (0;13[]) (1;0;1;]) —*
Subseq (0;1;[]) (0;1;]]) —*
Subseq (1;[]) (1;[]) —* True,False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TI(0;1;0;1;[]) —* 1;0;1; ]
T (1;0;1;[]) —* 0;1;]]
Subseq (0;0: ;[)) (0:1:0: ;[)) "
Subseq (0;0;1;[]) (1;0;1;[])) —*
Subseq (0;0;1;[]) () —* False
Subseq (1 0; 1; H) ( ’ 70’17[]) —"
Subseq (0;13[]) (1;0;1;]) —*
Subseq (0;1;[]) (0;1;]])) —* True, False
Subseq (1;[]) (1;[]) —* True,False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TI(0;1;0;1;[])) —* 1;0;1;])
THLOL]) > 0L
Subseq (030; 1; [} (0;1;0:13[)) —*
Subseq (0;0;1;(]) (1;0;1;[])) —*
Subseq (0;0;1;]]) ([]) —* False
Subseq (1;0;1;[]) (0;1;0;1;]]) —*
Subseq (0,17 D (10;L0) —~
Subseq (0; 1; []) (0;1;[]) —* True, False
Subseq (1:1]) (1:]]) —=* True, False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TI(0;1;0;1;[)) —* 1;0;1;])
TH(L;0, 1)) —* 0;1;]]
Subseq (0;0;1;[]) (0;1;0;1;)) —~
Subseq (0;0;1;(]) (1;0;1;[])) —*
Subseq (0;0;1;[]) ([J) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —*
Subseq (0, L) (LoL]) —-
Subseq (0;1;[]) (0;1;[]) —* True,False
Subseq ( i) (L;]]) —* True, False
Subseq || || —=* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TI(0;1;0;1;[)) —* 1;0;1;])
TH(L;0, 1)) —* 0;1;]]
Subseq (0;0;1;[]) (0;1;0;1;)) —~
Subseq (0;0;1;(]) (1;0;1;[])) —*
Subseq (0;0;1;[]) ([J) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —*
Subseq (0, L) (LoL]) —-
Subseq (0;1;[]) (0;1;[]) —* True,False
Subseq ( i) (L;]]) —* True, False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements: ,
THO0:1:0: 1) —=* 1;0;1;]
TH(1;0;1;]) —* 0;1;]
Subseq (0;0;1;[]) (0;1;0;1;[]) —~
Subseq (0;0;1;(]) (1;0;1;[])) —*
Subseq (0;0;1;[]) ([J) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —*
Subseq (0, L) (LoL]) —-
Subseq (0;1;[]) (0;1;[]) —* True,False
Subseq ( i) (L;]]) —* True, False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TI(0;1;0;1;[)) —* 1;0;1;])
TI(1;0:1;]]) —=* 0;1;]]
Subseq (0;0;1;[]) (0;1;0;1;)) —~
Subseq (0;0;1;(]) (1;0;1;[])) —*
Subseq (0;0;1;[]) ([J) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —*
Subseq (0, L) (LoL]) —-
Subseq (0;1;[]) (0;1;[]) —* True,False
Subseq ( i) (L;]]) —* True, False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TI(0;1;0;1;[)) —* 1;0;1;])
TH(L;0, 1)) —* 0;1;]]
Subseq (0;0;1;[]) (0;1;0;1;)) —~
Subseq (0;0;1;(]) (1;0;1;[])) —*
Subseq (0;0;1;[]) ([J) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —*
Subseq (0, L) (LoL]) —-
Subseq (0;1;[]) (0;1;[]) —* True,False
Subseq ( i) (L;]]) —* True, False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TI(0;1;0;1;[]) —* 1;0;1;]
TI(1;0;1;]]) —* 0;1;]]
Subseq (0;0;1;[]) (0;1;0;1;[]) —*
Subseq (0;0;1;(]) (1;0;1;[])) —*
Subseq (0;0;1;[]) ([J) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —*
Subseq (0, L) (LoL]) —-
Subseq (0;1;[]) (0;1;[]) —* True,False
Subseq ( i) (L;]]) —* True, False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
Tl (0;1;0;1’“) —* ’O?LH
TH(1;0;1;]) —* 0515
Subseq (0;0;1;[]) (0;1;0;1;]) —~
Subseq (0;0;1;[]) (1;0;1;[])) —*
Subseq (0;0;1;]]) ([]) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —*
Subseq (0,17 D) (3;0;1;]) —*
Subseq (0;1;[]) (0;1;]]) —* True,False
Subseq ( ) (1;])) —* True, False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TH(0;1;0;15[]) —* 10515
TH(LO L) =" 0L
Subseq (0;0; 1;[]) (0;1;0; 1;[])  —*
Subseq (0;0;1;[]) (1;0;1;[]) —* False
Subseq (0;0;1;]]) ([]) —* False
Subseq (1;0;1;[]) (0;1;0;1;]]) —*
Subseq (0,17 D (10;L0) —~
Subseq (0;1;[]) (0;1;]]) —* True,False
Subseq ( ) (1;])) —* True, False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
Tl (0;1;0;1’“) —* ’O?LH
THLOo; L) — 0L
Subseq (0;0; 1;[)) (0;1;0;13[)) —*
Subseq (0;0;1;[]) (1;0;1;[]) —* False
Subseq (0:0:1:[]) ([]) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —*
Subseq (0;1;]) (1;0;1;[]) —*
Subseq (0;1;[]) (0;1;]]) —* True,False
Subseq ( ) (1;]) —* True, False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
Tl (0;1;0;1’“) —" ’O?LH
THL 0 L) = 01 ]]
Subseq (0;0;1;]) (0;1;0;1;[]) —~
Subseq (0;0;1;[]) (1;0;1;[]) —* False
Subseq (0;0;1;]]) ([]) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —*
Subseq (0;1;[]) (1;0;1;[]) —*
Subseq (0;1;[]) (0;1;]]) —* True,False
Subseq ( ) (1;])) —* True, False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TI(0;1;0;1;[]) —* 1;0;1;]
TI(1;0;1;]]) —* 0;1;]]
Subseq (0;0;1;[]) (0;1;0;1;[]) —~
Subseq (0;0;1;[]) (1;0;1;[]) —* False
Subseq (0;0;1;[]) ([J) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —~
Subseq (0;1;[]) (1;0;1;])) —*
Subseq (0;1;[]) (0;1;[]) —* True,False
Subseq ( i) (L;]]) —* True, False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TH(0;1;0;15[]) —* 10515
TH(LO L) =" 0L
Subseq (0;0;1;[]) (0:1;0; 1;]) —*
Subseq (0;0;1;[]) (1;0;1;[])) —* False
Subseq (0;0;1;]]) ([]) —* False
Subseq (1;0;1;[]) (0;1;0;1;]]) —*
Subseq (0;1;[]) (1;0;1;[]) —* True,False
Subseq (0;1;[]) (0;1;]]) —* True,False
Subseq ( ) (1;]) —* True, False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t
Statements:
TI(0;1;0;1;[])) —* 1;0;1;])
TI(1;0;1;]])) —* 0;1;]
Subseq (0;0;1;(]) (0;1;0;1;]]) —*
Subseq (0;0;1;[]) (1;0;1;[])) —* False
Subseq (0;0;1;]]) ([]) —* False
Subseq (1;0;1;[]) (0;1;0;1;]]) —*
Subseq (0,17 ) (1;0;1;]])) —* True, False
Subseq (0;1:]]) (0:1:])) —=* True,False
Subseq (1;]]) (1;[]) —* True, False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t
Statements:
TI(0;1;0;1;[])) —* 1;0;1;])
TI(1;0;1;]])) —* 0;1;]
Subseq (0;0;1;(]) (0;1;0;1;]]) —*
Subseq (0;0;1;[]) (1;0;1;[])) —* False
Subseq (0;0;1;]]) ([]) —* False
Subseq (1;0;1;[]) (0;1;0;1;]]) —*
Subseq (0, 1;[]) (1;0;1;]])) —* True, False
Subseq (0; 1; []) (0;1;[]) —* True, False
Subseq (1:1]) (1:]]) —=* True, False
Subseq [] [ —* True, False

Cons-free Rewriting



Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t
Statements:
TI(0;1;0;1;[])) —* 1;0;1;])
TI(1;0;1;]])) —* 0;1;]
Subseq (0;0;1;(]) (0;1;0;1;]]) —*
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Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TH(0;1;0;15[]) —* 10515
THLOo; L) — 0L
Subseq (0;0;1;]]) (0;1;0;1;[])) —* True, False
Subseq (0;0;1;[]) (1;0;1;[])) —* False
Subseq (0;0;1;]]) ([]) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —* True,False
Subseq (0, 1;[]) (1;0;1;]])) —* True, False
Subseq (0;1;[]) (0;1;]]) —* True,False
Subseq ( ) (1;]) —* True, False
Subseq [] [ —* True, False
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Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TH(0;1;0;15[]) —* 10515
THLOo; L) — 0L
Subseq (0;0;1;]]) (0;1;0;1;[])) —* True, False
Subseq (0;0;1;[]) (1;0;1;[])) —* False
Subseq (0;0;1;]]) ([]) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —* True,False
Subseq (0, 1;[]) (1;0;1;]])) —* True, False
Subseq (0;1;[]) (0;1;]]) —* True,False
Subseq ( ) (1;]) —* True, False
Subseq [] [ —* True, False
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Characterisations
accepted by a cons-free first-order ATRS = in PTIME

Subseq [[ t — True Subseq st — Subseq s (Tl ¢)
Subseq s [] — False Subseq (0::s) (0::t) — Subseq st
Tl (z:t) — ¢ Subseq (1::s) (1::t) —  Subseq s t

Statements:
TH(0;1;0;15[]) —* 10515
THLOo; L) — 0L
Subseq (0;0;1;[]) (0;1;0;1;[]) —* True, False
Subseq (0;0;1;[]) (1;0;1;[])) —* False
Subseq (0;0;1;]]) ([]) —* False
Subseq (1;0;1;[]) (0;1;0;1;[]) —* True,False
Subseq (0, 1;[]) (1;0;1;]])) —* True, False
Subseq (0;1;[]) (0;1;]]) —* True,False
Subseq ( ) (1;]) —* True, False
Subseq [] [ —* True, False
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Characterisations
Parts

How to prove a characterisation?

W ( (confluent) cons-free
PTIME ¢ first-order ATRSs
J L with CBV reduction

For every decision problem X:

® the final state of any given Turing Machine operating in
polynomial time can be found by a confluent cons-free
first-order ATRS using CBV reduction

® the result of any given cons-free first-order ATRS with CBV
evaluation can be found by an algorithm operating in
polynomial time
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Characterisations
Parts

How to prove a characterisation?

W ( (confluent) cons-free
PTIME > first-order ATRSs
J L with CBV reduction

For every decision problem X:

® the final state of any given Turing Machine operating in
polynomial time can be found by a confluent cons-free
first-order ATRS using CBV reduction

® the result of any given cons-free first-order ATRS with CBV
evaluation can be found by an algorithm operating in
polynomial time
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Characterisations
In PTIME = accepted by an orthogonal cons-free first-order ATRS

Claim: we can simulate any PTIME Turing Machine
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Characterisations
In PTIME = accepted by an orthogonal cons-free first-order ATRS

Claim: we can simulate any PTIME Turing Machine

Example:
0/0RC (A0
1/1R
B/BL (- \.B/BR (. o/0L
& (main}- BB {start) D) ()
B/B L
1/BR
1/1R / 1/BL
0/0R( (A1
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Characterisations
In PTIME = accepted by an orthogonal cons-free first-order ATRS

Claim: we can simulate any PTIME Turing Machine

Example:
0/0RC (A0
1/1R
B/BL (- \.B/BR (. o/0L
& (main}- BB {start) D) ()
B/B L
1/BR
1/1R / 1/BL
0/0R( (A1

Runs in: < 2-(n 4 1)? steps
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Characterisations
In PTIME = accepted by an orthogonal cons-free first-order ATRS

Claim: we can simulate any PTIME Turing Machine

Example:
0/0RC (A0
1/1R
B/BL (- \.B/BR (. o/0L
& (main}- BB {start) D) ()
B/B L
1/BR
1/1R / 1/BL
0/0R( (A1

Runs in: < 2-(n 4 1)? steps

Transition Start 0 = (Start, 0, L)
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Characterisations
In PTIME = accepted by an orthogonal cons-free first-order ATRS

Claim: we can simulate any PTIME Turing Machine

Example:
0/0RC (A0
1/1R
B/BL (- \.B/BR (. o/0L
& (main}- BB {start) D) ()
B/B L
1/BR
1/1R / 1/BL
0/0R( (A1

Runs in: < 2-(n 4 1)? steps

Transition Start 0
Transition Start 1
Transition Start B

(Start, O, L)
(Start, 1, L)
(Main, B, R)
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Characterisations
In PTIME = accepted by an orthogonal cons-free first-order ATRS

Claim: we can simulate any PTIME Turing Machine

Example:
0/0RC (A0
1/1R
B/BL (- \.B/BR (. o/0L
& (main}- BB {start) D) ()
B/B L
1/BR
1/1R / 1/BL
0/0R( (A1

Runs in: < 2-(n 4 1)? steps

Transition Start 0 = (Start, 0, L)
Transition Start 1 = (Start, 1, L)
Transition Start B = (Mam B, R)
Transition Main0 = (A0, B, R)
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Characterisations
In PTIME = accepted by an orthogonal cons-free first-order ATRS

Claim: we can simulate any PTIME Turing Machine

Example:
0/0RC (A0
1/1R
B/BL (- \.B/BR (. o/0L
& (main) sert) Dy ()
B/B L
1/BR
1/1R / 1/BL
0/0R( (A1

Runs in: < 2-(n 4 1)? steps

Transition Start 0
Transition Start 1
Transition Start B
Transition Main 0
Transition Accept =

(%2l
—+
o5
=
t-l'
o
—
~— —
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Characterisations
In PTIME = accepted by an orthogonal cons-free first-order ATRS

Claim: we can simulate any PTIME Turing Machine

Example:
0/0RC (A0
1/1R
B/BL (- \.B/BR (. o/0L
& (main) sert) Dy ()
B/B L
1/BR
1/1R / 1/BL
0/0R( (A1

Runs in: < 2-(n 4 1)? steps

Transition Start 0
Transition Start 1
Transition Start B
Transition Main 0
Transition Accept =

(%2l
—+
o5
=
t-l'
o
—
~— —
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Characterisations
In PTIME = accepted by an orthogonal cons-free first-order ATRS

Simulation: Turing Machine running in < 2 - (n + 1)? steps.

- .. r/w d
Transitionqr = (p, w, d) for every transition ¢ — p
Transition g x = (q, «, N) for q € {Accept, Reject}

Representation: (I1,ls,13) = |l1| - (n + 1)2 + |l2| - (n + 1) + |I3]
TransAt i [t] = Transition (State ¢ [t]) (CurTape i [t])
State ¢ [t] = if [t = 0] then Start
else Fst (TransAt i [t — 1])
CurTape i [t] = Tapei [t] (Pos i [t])
Tape i [t] [p] = if [t =0] then Get [p] i B
else if [p = Pos i [t — 1]] then

Snd (TransAt i [t — 1])
else Tape i [t — 1] [p]
Pos i [t] = Poshelp (Thrd (TransAt i [t —1])) (Pos i [t — 1])
PosHelp L [p] = [p—1]
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Characterisations
Parts

How to prove a characterisation?

W ( (confluent) cons-free
PTIME ¢ »  first-order ATRSs
J L with CBV reduction

For every decision problem X:

® the result of any given cons-free first-order ATRS with CBV
evaluation can be found by an algorithm operating in
polynomial time

® the final state of any given Turing Machine operating in
polynomial time can be found by a confluent cons-free
first-order ATRS using CBV reduction

Cons-free Rewriting
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Higher-order Characterisations

Overview

@ cons-free applicative rewriting
(what is this “cons-freeness” and how do we use it?)

@ characterisations with first-order cons-free innermost rewriting
(the general idea)

© characterisations with higher-order cons-free innermost
rewriting
(where it starts to get interesting)

O characterisations using non-innermost cons-free rewriting
(where it really gets interesting)
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Higher-order Characterisations

( 7 (
(non-)confluent
, .| first-order cons-free
PTIME f ’ TRSs with
CBV reduction
N\ J
( # N
confluent
EXPTIME & .| second-order cons-free
i . TRSs with
CBV reduction
- ) L )
e # 7 7
confluent
9 e .| third-order cons-free
EXPTIME < > TRSs with
CBYV reduction
N\ J L )
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Higher-order Characterisations

In EXPTIMEX = accepted by an orthogonal cons-free (K + 1)order ATRS!

Simulation: Turing Machine running in < 2 - (n + 1)? steps.

- .. r/w d
Transitionqr = (p, w, d) for every transition ¢ — p
Transition g x = (q, «, N) for q € {Accept, Reject}

Representation: (I1,ls,13) = |l1| - (n + 1)2 + |l2| - (n + 1) + |I3]
TransAt i [t] = Transition (State ¢ [t]) (CurTape i [t])
State ¢ [t] = if [t = 0] then Start
else Fst (TransAt i [t — 1])
CurTape i [t] = Tapei [t] (Pos i [t])
Tape i [t] [p] = if [t =0] then Get [p] i B
else if [p = Pos i [t — 1]] then

Snd (TransAt i [t — 1])
else Tape i [t — 1] [p]
Pos i [t] = Poshelp (Thrd (TransAt i [t —1])) (Pos i [t — 1])
PosHelp L [p] = [p—1]
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Higher-order Characterisations

In EXPTIMEX = accepted by an orthogonal cons-free (K + 1)order ATRS!

Observation:

to simulate a machine running in < f(n) steps,
we must only be able to represent numbers 0,..., f(n) — 1
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Higher-order Characterisations

In EXPTIMEX = accepted by an orthogonal cons-free (K + 1)order ATRS!

Observation:

to simulate a machine running in < f(n) steps,
we must only be able to represent numbers 0,..., f(n) — 1

We saw before:

® represent numbers < A - (n -+ 1)” by tuples (I1,...,I5,15:1)
® represent numbers < 24:(+1)" 35 values in list = bool

A (n B .
e represent numbers < 22"V as values in

(list = bool) = bool
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Motivation Cons-free rewriting Characterisations Higher-order Characterisations

In EXPTIMEX = accepted by an orthogonal cons-free (K + 1)order ATRS!

Observation:

to simulate a machine running in < f(n) steps,
we must only be able to represent numbers 0,..., f(n) — 1

We saw before:
® represent numbers < A - (n -+ 1)” by tuples (I1,...,I5,15:1)

B . .
e represent numbers < 24 ("7 55 values in list = bool

A-(n+1)B
e represent numbers < 22V

(list = bool) = bool

as values in

. DY
Conclusion:
W ( (confluent) cons-free
EXPTIMEX » (K + 1)-order ATRSs
J L with CBV reduction
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Higher-order Characterisations

In EXPTIMEX = accepted by an orthogonal cons-free (K + 1)order ATRS!

( 7 (
(non-)confluent
, .| first-order cons-free
PTIME f ’ TRSs with
CBV reduction
N\ J
( # N
confluent
EXPTIME & .| second-order cons-free
i . TRSs with
CBV reduction
- ) L )
e # 7 7
confluent
9 e .| third-order cons-free
EXPTIME < > TRSs with
CBYV reduction
N\ J L )
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Higher-order Characterisations

Non-deterministic characterisations

(non-)confluent
first-order cons-free
TRSs with
CBYV reduction

(non-)confluent
second-order cons-free
TRSs with
CBV reduction

)
PTIME ¢ >
—

EXPTIME g
N\

—

EXPTIMEZ # >

(non-)confluent
third-order cons-free
TRSs with
CBYV reduction
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Higher-order Characterisations
Non-deterministic characterisations

[ ) [ (non-)confluent
, . first-order cons-free
PTIME " ‘ TRSs with
CBV reduction
s # )
\ #)confluent
EXPTIME cond-order cons-free
TRSs with
CBYV reduction
N\ J g J
e # N
non-)confluent
M, . er cons-free
EXPTIME® f ? TRSs with
CBV reduction
. J J
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Higher-order Characterisations

Non-deterministic characterisations

( (non-)confluent
.| first-order cons-free
PTIME J ’L TRSs with

CBYV reduction

s N
{ non-confluent
§

ELEMENTARY second-order cons-free
= 'L TRSs with

AN

Urken E)ZPTIMEK CBV reduction

non-confluent
.| third-order cons-free
'L TRSs with

N

CBYV reduction

non-confluent
fourth-order cons-free
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Higher-order Characterisations
Non-deterministic characterisations

Conclusion:

——> Functional variables + non-determinism + CBV = <
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Higher-order Characterisations
Non-deterministic characterisations

Conclusion:

——> Functional variables + non-determinism + CBV = <

——> Why?
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Higher-order Characterisations
Non-deterministic characterisations

Key insight

® In a confluent ATRS, an element of o0 = 7 represents a
function from 7, to T’.
Cardinality: |T,|T°
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Higher-order Characterisations
Non-deterministic characterisations

Key insight

® In a confluent ATRS, an element of o0 = 7 represents a
function from 7, to T’.
Cardinality: |T,|%°

® |n a non-confluent innermost ATRS, an element of 0 = 7

represents a function from 7, to P (1),
Cardinality: 2/T+1*/To|
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Higher-order Characterisations
Non-deterministic characterisations

Recall:

to simulate a machine running in < f(n) steps,
we must only be able to represent numbers 0,..., f(n) — 1
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Higher-order Characterisations
Non-deterministic characterisations

Recall:

to simulate a machine running in < f(n) steps,
we must only be able to represent numbers 0,..., f(n) — 1

Logical Conclusion:

Cons-free Rewriting



Higher-order Characterisations
Non-deterministic characterisations

Recall:

to simulate a machine running in < f(n) steps,
we must only be able to represent numbers 0,..., f(n) — 1

Logical Conclusion:

if we can count up to expk (n) for any K
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Higher-order Characterisations
Non-deterministic characterisations

Recall:

to simulate a machine running in < f(n) steps,
we must only be able to represent numbers 0,..., f(n) — 1

Logical Conclusion:

if we can count up to expk (n) for any K
then we can simulate any TM running in time bounded by some
expj’ (1)
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Higher-order Characterisations
Non-deterministic characterisations

Recall:

to simulate a machine running in < f(n) steps,
we must only be able to represent numbers 0,..., f(n) — 1

Logical Conclusion:

if we can count up to expk (n) for any K
then we can simulate any TM running in time bounded by some
exp’ (n)
so we can handle all problems in ELEMENTARY

Cons-free Rewriting C. Kop 48 /63



Higher-order Characterisations
Non-deterministic characterisations

Non-deterministic Counting:

Idea:
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Higher-order Characterisations
Non-deterministic characterisations

Non-deterministic Counting:

Idea:

® input list of length n, sublists represent numbers 0, ..., n
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Higher-order Characterisations
Non-deterministic characterisations

Non-deterministic Counting:

Idea:

® input list of length n, sublists represent numbers 0, ..., n
® value v : bool = list, represents bit vector z1 ...z, if:
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Higher-order Characterisations
Non-deterministic characterisations

Non-deterministic Counting:

Idea:

® input list of length n, sublists represent numbers 0, ..., n
® value v : bool = list, represents bit vector z1 ...z, if:
® v True —* “i" iff x; =1

Cons-free Rewriting



Higher-order Characterisations
Non-deterministic characterisations

Non-deterministic Counting:

Idea:

® input list of length n, sublists represent numbers 0, ..., n
® value v : bool = list, represents bit vector z1 ...z, if:
® v True —* “i" iff x; =1

21

® v False —* " iff z; =0
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Higher-order Characterisations
Non-deterministic characterisations

Non-deterministic Counting:

Idea:

® input list of length n, sublists represent numbers 0, ..., n
® value v : bool = list, represents bit vector z1 ...z, if:
® v True —* “i" iff x; =1

21

® v False —* " iff z; =0

For example:
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Higher-order Characterisations
Non-deterministic characterisations

Non-deterministic Counting:

Idea:

® input list of length n, sublists represent numbers 0, ..., n
® value v : bool = list, represents bit vector z1 ...z, if:
® v True —* “i" iff x; =1

21

® v False —* " iff z; =0

For example: represent 10110101
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Higher-order Characterisations
Non-deterministic characterisations

Non-deterministic Counting:

Idea:

® input list of length n, sublists represent numbers 0, ..., n
® value v : bool = list, represents bit vector z1 ...z, if:
® v True —* “i" iff x; =1

21

® v False —* " iff z; =0

For example: represent 10110101 by v : bool = list with:
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Higher-order Characterisations
Non-deterministic characterisations

Non-deterministic Counting:

Idea:

® input list of length n, sublists represent numbers 0, ..., n
® value v : bool = list, represents bit vector z1 ...z, if:
® v True —* “i" iff x; =1
® v False —»* " iff x; =0
For example: represent 10110101 by v : bool = list with:
v True —* "1" v False —* “2"
v True —* 3" v False —* "5"
v True —* "4" v False —* “7"
v True —* "6"
v True —* “8"
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Higher-order Characterisations
Non-deterministic characterisations

Non-deterministic Counting:

Idea:

® input list of length n, sublists represent numbers 0, ..., n
® value v : bool = list, represents bit vector z1 ...z, if:

® v True —* “i" iff x; =1

® v False —»* " iff x; =0

For example:

represent 10110101 by v : bool = list with:
v True —* 0::]]

v False —* 0::0::]

v True —* 0::0::0::]] v False —* 1::0::0::0::0::]

v True —* 0::0::0::0::[] v False —* 1::1::1::0::0::0::0::[]
v True —* 1::1::0::0::0::0::]

v True —* 1::1::1::1::0::0::0::0:: ]
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Higher-order Characterisations
Non-deterministic characterisations

Non-deterministic Counting:

Idea:
® input list of length n, sublists represent numbers 0,...,n
® value v : bool = list, represents bit vector z1 ...z, if:

® y True —* " iffx; =1
® v False =* “" iff x; =0

Setl n f True = choose n (f True)
Setl n f False = f False
SetOn f True = f True

SetO n f False = choose n (f False)
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Higher-order Characterisations
Non-deterministic characterisations

Non-deterministic Counting:

Idea:
® input list of length n, sublists represent numbers 0,...,n
® value v : bool = list, represents bit vector z1 ...z, if:

® y True —* " iffx; =1
® v False =* “" iff x; =0

Setl n f True = choose n (f True)
Setl n f False = f False
SetOn f True = f True

SetO n f False = choose n (f False)

Bit vector 10110:
Setl “1” (Set0 "2" (Setl “3" (Setl “4" (Set0 “5" (Const “0")))))
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Higher-order Characterisations
Non-deterministic characterisations

Non-deterministic Counting:

Idea:

® input list of length n, sublists represent numbers 0, ..., n
® value v : bool = list, represents bit vector zi ...z, if:

® oy True —»* “¢" iffx; =1
® v False —* "“¢" iffz; =0

use non-determinism!

Bitset f n — if (Equal (f True) n) then True
else if (Equal (f False) n) then False
else Crash

Cons-free Rewriting



Higher-order Characterisations
Non-deterministic characterisations

Non-deterministic Counting:

Idea:

® input list of length n, sublists represent numbers 0, ..., n
® value v : bool = list, represents bit vector zi ...z, if:

® oy True —»* “¢" iffx; =1

® v False —* “" iff z; =0

use non-determinism!

Bitset f n — if (Equal (f True) n) then True
else if (Equal (f False) n) then False
else Bitset f n
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Higher-order Characterisations
Counting up to arbitrary powers

Non-deterministic Counting:

Idea:
® input list of length n, sublists represent numbers 0,...,n
® value v : bool = list, represents bit vector z1 ...z, if:

® v True =* " iff x; =1
® v False —=* """ iff x;, =0
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Higher-order Characterisations
Counting up to arbitrary powers

Non-deterministic Counting:

Idea:

® input list of length n, sublists represent numbers 0,...,n
® value v : bool = list, represents bit vector z1 ...z, if:

® v True =* “i" iff x; =1

® v False —* “" iff x; =0
® value v : bool = (bool = list), represents bit vector

T1...Ton_q if:
® v True —»* [i] iff z; =1
® o False —»* [i] iff z; =0
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Higher-order Characterisations
Counting up to arbitrary powers

Non-deterministic Counting:

Idea:

® input list of length n, sublists represent numbers 0,...,n
® value v : bool = list, represents bit vector z1 ...z, if:
® p True —* " iffx; =1
® v False —* “" iff x; =0
® value v : bool = (bool = list), represents bit vector
T1...Ton_q if:
® v True —»* [i] iff z; =1
® o False —»* [i] iff z; =0
® value v : bool = (bool = (bool = list)), represents bit vector
Xr1... .%'22”—171 |f
® v True —»* [i] iff z; =1
® v False —* [i] iff z; =0
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Higher-order Characterisations
Counting up to arbitrary powers

Non-deterministic Counting:

Idea:

® input list of length n, sublists represent numbers 0,...,n
® value v : bool = list, represents bit vector z1 ...z, if:
® p True —* " iffx; =1
® v False —* “" iff x; =0
® value v : bool = (bool = list), represents bit vector
T1...Ton_q if:
® v True —»* [i] iff z; =1
® o False —»* [i] iff z; =0
® value v : bool = (bool = (bool = list)), represents bit vector
Xr1... .%'22”—171 |f
® v True —»* [i] iff z; =1
® v False —* [i] iff z; =0
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Higher-order Characterisations
Counting up to arbitrary powers

|

(non-)confluent
.| first-order cons-free

PTIME J‘

#*

ELEMENTARY

Urken EXPTIMER

‘ TRSs with
CBYV reduction

{ non-confluent
, .| second-order cons-free
* ' TRSs with

L CBV reduction

( non-confluent
|, .| third-order cons-free
N

‘ TRSs with
CBYV reduction

non-confluent
fourth-order cons-free
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USING ARBITRARY
EVALUATION STRATEGIES




Higher-order Characterisations
Counting up to arbitrary powers

Overview

@ cons-free applicative rewriting
(what is this “cons-freeness” and how do we use it?)

@ characterisations with first-order cons-free innermost rewriting
(the general idea)

© characterisations with higher-order cons-free innermost
rewriting
(where it starts to get interesting)

O characterisations using non-innermost cons-free rewriting
(where it really gets interesting)
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Higher-order Characterisations
Counting up to arbitrary powers

( 7 s 7
first-order
77 ¢ > cons-free
TRSs
N\ J - J
( 7 s 7

second-order

77 ¢ > cons-free
TRSs
. J . J
( N e N
third-order
77 ¢ > cons-free
TRSs
. J . J

Cons-free Rewriting C. Kop 56 /63



Higher-order Characterisations
Counting up to arbitrary powers

e N e N
first-order
ETIME ¢ > cons-free
TRSs
_ _J . _J
e N e N

second-order

ETIMEZ & »  cons-free
TRSs
. J . J
( N e N
third-order
ETIME3 ¢ > cons-free
TRSs
. J . J

Cons-free Rewriting C. Kop 56 /63



Higher-order Characterisations
Counting up to arbitrary powers

Non-deterministic Counting:

Idea:

® input list of length n, sublists represent numbers 0,...,n

Cons-free Rewriting



Higher-order Characterisations
Counting up to arbitrary powers

Non-deterministic Counting:

Idea:

® input list of length n, sublists represent numbers 0,...,n
® pair of terms (s, t) represents bit vector xj ...z, if:

Cons-free Rewriting



Higher-order Characterisations
Counting up to arbitrary powers

Non-deterministic Counting:

Idea:

® input list of length n, sublists represent numbers 0,...,n
® pair of terms (s, t) represents bit vector xj ...z, if:
o 5t i iffa =1

Cons-free Rewriting



Higher-order Characterisations
Counting up to arbitrary powers

Non-deterministic Counting:

Idea:

® input list of length n, sublists represent numbers 0,...,n
® pair of terms (s, t) represents bit vector xj ...z, if:

® s —* " iff x; =1

® ¢t —* " iffx; =0

Cons-free Rewriting



Higher-order Characterisations
Counting up to arbitrary powers

Non-deterministic Counting:

Idea:

® input list of length n, sublists represent numbers 0,...,n
® pair of terms (s, t) represents bit vector xj ...z, if:

® s —* " iff x; =1

® ¢t —* " iffx; =0

For example:

Cons-free Rewriting



Higher-order Characterisations
Counting up to arbitrary powers

Non-deterministic Counting:

Idea:

® input list of length n, sublists represent numbers 0,...,n
® pair of terms (s, t) represents bit vector xj ...z, if:

® s —* " iff x; =1

® ¢t —* " iffx; =0

For example: represent 10110101

Cons-free Rewriting



Higher-order Characterisations
Counting up to arbitrary powers

Non-deterministic Counting:

Idea:

® input list of length n, sublists represent numbers 0,...,n
® pair of terms (s, t) represents bit vector xj ...z, if:

® s —* " iff x; =1

® ¢t —* " iffx; =0

For example: represent 10110101 by (s,t) : list x list with:

Cons-free Rewriting



Higher-order Characterisations
Counting up to arbitrary powers

Non-deterministic Counting:

Idea:
® input list of length n, sublists represent numbers 0,...,n
® pair of terms (s, t) represents bit vector xj ...z, if:

® s Y iffr; =1
ot —* " iffx; =0

For example: represent 10110101 by (s,t) : list x list with:
S _)* “1” t _>* 11211

s —* "3" t—* "y
§—=* "4t =T
s —=* 6"
s =" "8"
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Higher-order Characterisations
Counting up to arbitrary powers

Non-deterministic Counting:

Idea:

® input list of length n, sublists represent numbers 0,...,n

® pair of terms (s, t) represents bit vector xj ...z, if:
® s —* " iff x; =1
e t—* " iffx; =0

For example: represent 10110101 by (s,t) : list x list with:
[

s —* 0::] t —* 0::0::]

* 0::0::0::] t —* 1::0::0::0::0::]]
5—>* 0::0::0::0::]] t —* 1::1::1::0::0::0::0::]]
s —* 1::1::0::0::0::0::[]

s —* 1::1::1::1::0::0::0::0:: ]
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Higher-order Characterisations Conclusion

Motivation Cons-free rewriting Characterisations

Originally known:
® deterministic cons-free programs with data order K
characterise EXPTIMEX
® non-deterministic cons-free programs with data order 0
characterise EXPTIMEY
What happens in term rewriting?
® proofs are robust if determinism is preserved
® without determinism: various outcomes!
® variations based on type order, reduction strategy, pairing, ...
® original (deterministic!) hierarchy restored by other
restrictions
Why is this important?
® surprising result on the power of non-determinism
® ideas may be reusable towards finer-grained characterisations

Questions?
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Conclusion
Considerations

What is tail-recursion?

In first-order rewriting:

® impose an ordering on the function symbols F = G
(always F > C)
e for all rules F 01 --- 4, — 7:
® ifr=Gry---r,, then F =G
® for all other function symbol occurrences H in r: F >~ H

In higher-order rewriting:
° 777
® Fxy— x-y—resultsin a function call!

® Should we count calls G x with insufficient arguments?
F(S(n)) - G F with F > G?
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